Koopman-inspired Implicit Backward Reachable Sets for Unknown

UNIVERSITY OF

MICHIGAN

Introduction

Koopman liftings have been
successfully used to learn high
dimensional linear approximations for
autonomous systems for prediction
purposes, or for control systems for
leveraging linear control techniques to
control nonlinear dynamics.

In this work, we show how learned
Koopman approximations can be used
for correct-by-construction control. To
this end, we introduce the Koopman
over-approximation, a lifted
representation that has a simulation-
like relation with the underlying
dynamics. Then, we prove how
successive application of controlled
predecessor operation in the lifted
space leads to an implicit backward
reachable set for the actual dynamics.

Backward Reachable Sets (BRS)

Set of points from which there exists a control
sequence leading to a given target set.

Definition: Given

an uncertain system Z: x* € F(x,u), u € U

atargetset X

asafe set S,

the 1-step BRS is defined as

Pres(X,Sy) ={x € Sy |FJu e U:F(x,u) < X}.

The k-step BRS is defined recursively as
Prek(X,S,) = Preg(Pref=1(X, Sy), Sx)

with Pred(X,S,) = X.

Goal

Computing BRS for nonlinear systems is
intractable - Compute inner approximations.
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Idea

1. BRS can be computed exactly for
piecewise linear (a.k.a. hybrid) systems
with polyhedral sets.

Koopman approach: Approximate
nonlinear systems by (piecewise) linear
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Dynamics X : y 1-Koopman over-approx. Ypyp :
zt = f(z,u) 2zt € Ajz + Biu®W,;, when [I 0]z € D;
z=1[I0]z
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ones in higher dimensions using a lifting

X
function yY: x — [qb(x)] s.t.

BRS Pref. (7,8
w-implicit inner approx. reEhyb( =)

BRS Pre& (X, S,)

w(f(x, u)) ~ A (x) + Bju, when x € D;.

Method (known dynamics)
Definition: The piecewise linear system

Zhyp: 2zt € Az + Bju @ W;, when [1 0]z € D;
is a Y-Koopman over approx. of the system
%:xt = f(x,u) over Sy if for all (x,u) € SyxU:
l,b(f(x, u)) € Ajp(x) + Bju @ W;, when x € D;.
Definition: A set Z € R™ is a y-implicit inner
approx. of aset X € R™ if {x|y(x) € 7} € X.
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Observation: If (x) = [qbzcx)]' then for any 2]

setX,Z :=={z|[I 0]z € X}is a-implicit
inner approx. of X.

Theorem: If

Zpyp is @ P-Koopman over approx. of X
S, is a Y-implicit inner approx. of S,

Z is a Y-implicit inner approx. of X,
then Preé‘hyb (Z,S,) is a y-implicit inner
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approx. of Pre)’:‘(X, S,) for all k.

Method (Unknown dynamics)

Goal: Given D = {(x;, ui,x;')}évzl with x} = f(x;, ;) and 1, compute a 1)-Koopman over
approx. of the unknown f.

Definition: The dispersion of a dataset D in S is bp = sup mei%lllx —x||.
xes X
Lemma: If a data set D has dispersion bp in S, then || f (x)|| < meaﬁ(llf(x)ll + Lipsbp, Vx € S.
X

Method (for one single piece):

Exp (x,u)

1. Solvee*:= gngrélll,b(xﬂ —AY(x) — Bu—||.

2. Over-estimate LipEA* - using extreme value theory.

3. Zhyb:z+ €EA*z+B'u@® B(c*e*+ bp Lipg,. ,.) is a Koopman over approx.
Experiments Limitations

Inverted pendulum

How to choose the lifting function ?

Increasing the lifting dimension can result
in smaller BRS.

— B
ours y(x) = (x, sin(6))
Ours y(x) = x
Target Set
w—Trajectory

Future (& current) work

Develop simulation-like relation between
liftings: ¥4 < 5.

Use this simulation relation to construct
monotonically better liftings.
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